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A cosmological constant in the regime of low space–time curvature is calculated in the recently proposed 
version of F (R) supergravity with a generic cubic function F . The F (R) supergravity is the N = 1
supersymmetric extension of f (R) gravity. The cubic model is known to successfully describe a chaotic 
(slow-roll) inﬂation in the regime of high space–time curvature. We ﬁnd that a simple extension of 
the same model allows a positive cosmological constant in the regime of low space–time curvature. 
The inﬂaton superﬁeld in F (R) supergravity (like inﬂaton in f (R) gravity) violates the Strong Energy 
Condition and thus breaks the restriction of the standard supergravity (with usual matter) that can only 
have either a negative or vanishing cosmological constant.
© 2011 Elsevier B.V. Open access under CC BY license.1. Introduction
The Standard (Λ-CDM) Model in cosmology gives a phe-
nomenological description of the observed Dark Energy (DE) and 
Dark Matter (DM). It is based on the use of a small positive cosmo-
logical constant Λ and a Cold Dark Matter (CDM), and is consistent 
with all observations coming from the existing cosmological, Solar 
system and ground-based laboratory data. However, the Λ-CDM 
Model cannot be the ultimate answer to DE, since it implies its 
time-independence. For example, the ‘primordial’ DE responsible 
for inﬂation in the early universe was different from Λ and unsta-
ble. The dynamical (i.e. time-dependent) models of DE can be easily 
constructed by using the f (R) gravity theories, deﬁned via replac-
ing the scalar curvature R by a function f (R) in the gravitational 
action. The f (R) gravity provides the self-consistent non-trivial al-
ternative to the Λ-CDM Model — see e.g., Refs. [1–3] for a review. 
The use of f (R) gravity in the inﬂationary cosmology was pio-
neered by Starobinsky [4]. Viable f (R)-gravity-based models of the 
current DE are also known [5–7], and the combined inﬂationary-
DE models are possible too [1].
Despite of the apparent presence of the higher derivatives, an 
f (R) gravity theory can be free of ghosts and tachyons. The corre-
sponding stability conditions are well known — see Section 2 be-
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sical equivalence of an f (R) gravity theory to the certain scalar-
tensor theory of gravity [8–10]. Dynamics of the spin-2 part of 
metric in f (R) gravity (compared to Einstein gravity) is not modi-
ﬁed, but there is the extra propagating scalar ﬁeld (called scalaron) 
given by the spin-0 part of metric. By the classical equivalence 
above we mean that both theories lead to the same inﬂaton scalar 
potential and, therefore, the same inﬂationary dynamics. However, 
the physical nature of inﬂaton in each theory is different. In the 
f (R) gravity and F (R) supergravity inﬂaton ﬁeld is part of met-
ric, whereas in the scalar-tensor gravity and supergravity inﬂaton 
is a matter particle. Therefore, the inﬂaton interactions with other 
matter ﬁelds are different in both theories. It gives rise to different 
inﬂaton decay rates and different reheating in the post-inﬂationary 
universe.
In our recent papers [11–18] we proposed the new super-
gravity theory (we call it F (R)-supergravity), and studied some
of its physical applications (see also Refs. [19,20] for our earlier 
related work). The F (R)-supergravity can be considered as the
N = 1 locally supersymmetric extension of f (R) gravity in four
space–time dimensions.1 Supergravity is well motivated in High-
Energy Physics theory beyond the Standard Model of elementary 
particles. Supergravity is also the low-energy effective action of 
Superstrings. As was demonstrated in Ref. [11], an F (R) super-
gravity is classically equivalent to the N = 1 Poincaré supergrav-
ity coupled to a dynamical (quintessence) chiral superﬁeld, whose 
(non-trivial) Kähler potential and superpotential are dictated by
1 Another (unimodular) F (R) supergravity theory was proposed in Ref. [21].
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achieved via a non-trivial ﬁeld redeﬁnition [11] that gives rise to
a non-trivial Jacobian in the path integral formulation of those
quantum ﬁeld theories (below their unitarity bounds). Hence, their
classical equivalence is expected to be broken in quantum theory.2
The natural embedding of the Starobinsky (R + R2)-inﬂationary
model into F (R) supergravity was found in Ref. [17]. It provides
the very economical realization of chaotic inﬂation (at early times)
in supergravity, which is consistent with observations [23] and
gives a simple solution to the η-problem in supergravity [24].
The natural question arises, whether F (R) supergravity is also
capable to describe the present DE or have a positive cosmolog-
ical constant. It is non-trivial because the standard supergravity
with usual matter can only have a negative or vanishing cosmo-
logical constant [25]. It takes place since the usual (known) matter
does not violate the Strong Energy Condition (SEC) [26]. A viola-
tion of SEC is required for an accelerating universe, and it is easily
achieved in f (R) gravity due to the fact that the quintessence ﬁeld
in f (R) gravity is part of metric (i.e. the unusual matter). Sim-
ilarly, the quintessence scalar superﬁeld in F (R) supergravity is
part of super-vielbein, and it also gives rise to a violation of SEC.
In this Letter we further extend the Ansatz used in Ref. [17] for
F -function, and apply it to get a positive cosmological constant in
the regime of low space–time curvature (at late times).
Our Letter is organized as follows. In Section 2 we brieﬂy re-
call the superspace construction of F (R) supergravity, its relation
to f (R) gravity and the stability conditions. In Section 3 we de-
ﬁne our model of F (R) supergravity, and compute its cosmological
constant. Section 4 is our conclusion.
Throughout the Letter we use the units c = h¯ = MPl = 1 in
terms of the (reduced) Planck mass MPl, with the space–time sig-
nature (+,−,−,−). Our basic notation of General Relativity co-
incides with that of Ref. [27]. An AdS-space–time has a positive
scalar curvature, and a dS-space–time has a negative scalar curva-
ture in our notation.
2. F (R) supergravity and f (R) gravity
A concise and manifestly supersymmetric description of super-
gravity is given by superspace. We refer the reader to the text-
books [28–30] for details of the superspace formulation of su-
pergravity. A construction of the F (R) supergravity action goes
beyond the supergravity textbooks.
The most succinct formulation of F (R) supergravity exists in a
chiral 4D, N = 1 superspace where it is deﬁned by the action [11]
S F =
∫
d4xd2θ E F (R) +H.c. (1)
in terms of a holomorphic function F (R) of the covariantly-chiral
scalar curvature superﬁeld R, and the chiral superspace density E .
The chiral N = 1 superﬁeld R has the scalar curvature R as the
ﬁeld coeﬃcient at its θ2-term. The chiral superspace density E (in
a WZ gauge) reads
E = e(1− 2iθσaψ¯a + 3θ2X) (2)
where e = √−g , ψa is gravitino, and X = S − i P is the complex
scalar auxiliary ﬁeld (it does not propagate in the theory (1) de-
spite of the apparent presence of the higher derivatives [11]).
A bosonic f (R) gravity action is given by [1–3]
S f =
∫
d4x
√−g f (R) (3)
2 See Ref. [22] for the ﬁrst steps in quantizing f (R) gravity theories.in terms of the real function f (R) of the scalar curvature R . The
relation between the master chiral superﬁeld function F (R) in
Eq. (1) and the corresponding bosonic function f (R) in Eq. (3)
can be established by applying the standard formulae of super-
space [28–30] and ignoring the fermionic contributions. For sim-
plicity, we also ignore the complex nature of F and X in what
follows.
The embedding of f (R) gravity into F (R) supergravity is given
by [11–13]
f (R) = f (R, X(R)) (4)
where the function f (R, X) (or the gravity Lagrangian L) is de-
ﬁned by
L = f (R, X) = 2F ′(X)
[
1
3
R + 4X2
]
+ 6X F (X) (5)
and the function X = X(R) is determined by solving an algebraic
equation,
∂ f (R, X)
∂ X
= 0 (6)
The primes denote the derivatives with respect to the given argu-
ment. Eq. (6) arises by varying the action (1) with respect to the
auxiliary ﬁeld X . It cannot be explicitly solved for X in a generic
F (R) supergravity theory.
The cosmological constant in F (R) supergravity, in the regime
of low space–time curvature, is thus given by
Λ = − f (0, X0) (7)
where X0 = X(0). It should be mentioned that X0 represents the
vacuum expectation value of the auxiliary ﬁeld X that determines
the scale of the supersymmetry breaking. Both inﬂation and DE
imply X0 = 0.
The f (R)-gravity stability conditions in our notation are given
by [1,16]
f ′(R) < 0 (8)
and
f ′′(R) > 0 (9)
The ﬁrst (classical stability) condition (8) is related to the sign
factor in front of the Einstein–Hilbert term (linear in R) in the
f (R)-gravity action, and it ensures that graviton is not a ghost.
The second (quantum stability) condition (9) ensures that scalaron
is not a tachyon. In F (R) supergravity equation (8) is replaced by
a stronger condition [16],
F ′(X) < 0 (10)
Eq. (10) guarantees the classical stability of the f (R)-gravity em-
bedding into the full F (R) supergravity against small ﬂuctuations
of the axion ﬁeld P [16].
To describe the early universe inﬂation (i.e. in the regime of
high space–time curvature R → −∞), the function f (R) should
have the proﬁle
f (R) = −1
2
R + R2A(R) ≡ fEH(R) + R2A(R) (11)
with the slowly varying function A(R) in the sense
∣∣A′(R)∣∣	 ∣∣∣∣ A(R)
∣∣∣∣ and ∣∣A′′(R)∣∣	
∣∣∣∣ A(R)2
∣∣∣∣ (12)R R
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f S(R) = −1
2
R + R
2
12M2inf
(13)
where the inﬂaton (scalaron) mass Minf has been introduced.
To describe DE in the present universe, i.e. in the regime with
low space–time curvature R , the function f (R) should be close
to the Einstein–Hilbert (linear) function fEH(R) with a small posi-
tive Λ,∣∣ f (R) − fEH(R)∣∣	 ∣∣ fEH(R)∣∣, ∣∣ f ′(R) − f ′EH∣∣	 1∣∣R f ′′(R)∣∣	 1 (14)
i.e. f (R) ≈ − 12 R − Λ for small R with the very small and positive
Λ ≈ 10−118(M4Pl).
3. Cosmological constant
Eqs. (5) and (7) imply
Λ = −8F ′(X0)X20 − 6X0F (X0) (15)
where X0 is a solution to the algebraic equation
4X20 F
′′(X0) + 11X0F ′(X0) + 3F (X0) = 0 (16)
As is clear from Eq. (15), to have Λ = 0, one must have X0 = 0,
i.e. a (spontaneous) supersymmetry breaking. However, in order to
proceed further, one needs a reasonable Ansatz for the F -function
in Eq. (1).
The simplest opportunity is given by expanding the function
F (R) in Taylor series with respect to R. Since the N = 1 chiral su-
perﬁeld R has X as its leading ﬁeld component (in θ -expansion),
one may expect that the Taylor expansion is a good approxima-
tion as long as |X0| 	 1(MPl). As was demonstrated in Ref. [17],
a viable (successful) description of inﬂation is possible in F (R)
supergravity, when keeping the cubic term R3 in the Taylor ex-
pansion of the F (R) function. It is, therefore, natural to expand
the function F up to the cubic term with respect to R, and use it
as our Ansatz here,
F (R) = f0 − 1
2
f1R + 1
2
f2R2 − 1
6
f3R3 (17)
with some real coeﬃcients f0, f1, f2, f3. The Ansatz (17) differs
from the one used in Ref. [17] by the presence of the new pa-
rameter f0 only. It is worth emphasizing here that f0 is not a
cosmological constant because one still has to eliminate the auxil-
iary ﬁeld X . The stability conditions in the case (17) require
f1 > 0, f2 > 0, f3 > 0 (18)
and
f 22 < f1 f3 (19)
Inﬂation requires f3  1 and f 22  f1 [17].3 As was shown in
Ref. [17], in the high-curvature regime the effective f (R)-gravity
action (originating from the F (R) supergravity deﬁned by Eqs. (1)
and (17) with f0 = 0) takes the form of Eq. (13) with f3 = 15M2inf.
To meet the WMAP observations [23], the parameter f3 should
be approximately 6.5 × 1010(Ne/50)2, where Ne is the number of
e-foldings [17]. The cosmological constant in the high-curvature
regime does not play a signiﬁcant role and may be ignored there.
3 The stronger condition f 22 	 f1 f3 was used in Ref. [17] for simplicity.In the low curvature regime, in order to recover the Einstein–
Hilbert term, one has to ﬁx f1 = 3/2 [17]. Then the Ansatz (17)
leads to the gravitational Lagrangian
f (R, X) = −5 f3X4 + 11 f2X3 − 1
3
f3
(
R + 63
2 f3
)
X2
+
(
6 f0 + 2
3
f2R
)
X − 1
2
R (20)
and the auxiliary ﬁeld equation
X3 − 33 f2
20 f3
X2 + 1
30
(
R + 63
2 f3
)
X − 1
30 f3
( f2R + 9 f0) = 0 (21)
whose formal solution is available via the standard Cardano (Viète)
formulae [31].
In the low curvature regime we ﬁnd a cubic equation for X0 in
the form
X30 −
(
33 f2
20 f3
)
X20 +
(
21
20 f3
)
X0 −
(
3 f0
10 f3
)
= 0 (22)
‘Linearizing’ Eq. (22) with respect to X0 brings the solution
X0 = 2 f0/7 whose substitution into the action (20) gives rise to
a negative cosmological constant, Λ0 = −6 f 20 /7. This way we re-
cover the standard supergravity case.
Eqs. (20) and (22) allow us to write down the exact equation (7)
for the cosmological constant in the factorized form
Λ(X0) = −11 f2
4
X0(X0 − X−)(X0 − X+) (23)
where X± are the roots of the quadratic equation x2 − 2111 f2 x +
18 f0
11 f2
= 0, i.e.
X± = 21
22 f2
[
1±
√
1− 2
3 · 11
72
f0 f2
]
(24)
Since f0 f2 is supposed to be very small, both roots X± are real
and positive.
Eq. (23) implies that Λ > 0 when either (I) X0 < 0, or (II) X0 is
inside the interval (X−, X+).
By using Mathematica we were able to numerically conﬁrm the
existence of solutions to Eq. (22) in the region (I) when f0 < 0, but
not in the region (II). So, to this end, we continue with the region
(I) only. All real roots of Eq. (22) are given by
(X0)1 = 2
√−Q cos(ϑ
3
)
+ 11 f2
20 f3
(X0)2 = 2
√−Q cos(ϑ + 2π
3
)
+ 11 f2
20 f3
(X0)3 = 2
√−Q cos(ϑ + 4π
3
)
+ 11 f2
20 f3
(25)
in terms of the Cardano–Viète parameters
Q = − 11 f2
22 · 5 f3 −
72
24 · 52 f 23
≈ −11 f2
20 f3
R = −3 · 7 · 11 f2
25 · 52 f 23
+ 3 f0
22 · 5 f3 +
113 f 32
26 · 53 f 33
≈ − 1
20 f3
(
−21
2
Q + 3 f0
)
(26)
and the angle ϑ deﬁned by
cosϑ = R√
3
(27)−Q
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real provided that D < 0. It is known to be the case in the high-
curvature regime [17], and it is also the case when f0 is extremely
small. Under our requirements on the parameters the angle ϑ is
very close to zero, so the relevant solutions X0 < 0 are given by
the 2nd and 3rd lines of Eq. (25), with X0 ≈ f0/10.
4. Conclusion
We demonstrated that it is possible to have a positive cosmo-
logical constant (at low space–time curvature or late times) in
the particular F (R) supergravity (without its coupling to super-
matter) described by the Ansatz (17). The same Ansatz is appli-
cable for describing a viable chaotic inﬂation in supergravity (at
high space–time curvature or early times). The positive cosmologi-
cal constant was technically achieved as the non-linear effect with
respect to the superspace curvature and space–time curvature in
the relatively narrow part of the parameter space (it is, therefore,
highly constrained).
In the particular F (R) supergravity model we considered, the
effective f (R) gravity function is proportional to the Starobinsky
function (− 12 R + 112M2inf R
2) in the high curvature regime, and is
given by the DE-like function (− 12 R − Λ) in the low curvature
regime. Therefore, our model has a cosmological solution which
describes an inﬂationary universe of the quasi-dS type with H(t) =
M2inf
6 (tend−t) at early times t < tend and an accelerating universe of
the dS-type at late times. It is similar to the known cosmological
solutions unifying inﬂation and DE in f (R) gravity [1].
Of course, describing the DE in the present universe requires an
enormous ﬁne-tuning of our parameters in the F -function. How-
ever, it is the common feature of all known approaches to the DE.
This Letter does not contribute to ‘explaining’ the smallness of the
cosmological constant.
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